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Resumen

En el presente estudio, se han dado varios pasos dirigidos a la aplicación de un modelo
3D baroclínico para la modelización de la ría de Pontevedra. La ría de Pontevedra es una de
las rías gallegas, estuarios en la costa noroeste de la Península Ibérica. Su hidrodinámica
sólo se conoce a rasgos generales, lo que dificulta el establecimiento de un modelo de
circulación. Los resultados de un proyecto de monitorización de las propiedades químicas
y termohalinas en la Ría durante los años 1997-1998 y la información disponible se han
usado para identificar las escalas de variabilidad espacio-temporal relevantes. Un modelo
3D baroclínico se ha adaptado al área para la simulación de la hidrodinámica y finalmente,
varios cierres de la turbulencia con diferentes niveles de complejidad se han programado en el
modelo unidimensional de columna de agua GOTM (General Turbulence Ocean Model), que
ha sido co-desarrollado por el autor y que puede descargarse del sitio http://www.gotm.net.
El rendimiento de estos modelos se ha comparado en situaciones analíticas, estuáricas y de
océano abierto. Los resultados de estas aplicaciones indican que el uso de un modelo de
2 ecuaciones puede llevarnos a una mejor descripción de los flujos en distintos ambientes,
incluyendo la ría.

Las escalas de variabilidad relevantes en la ría de Pontevedra se han identificado
y descrito con la ayuda de distintos conjuntos de datos de los que se dispone. El mayor
forzamiento a corto plazo es lamarea, que presenta unmarcado carácter semidiurno. A escalas
de días, el ciclo de mareas vivas-mareas muertas (quincenal), eventos meteorológicos y la
variabilidad existente entre el gradiente de densidad río-plataforma dominan la variabilidad
del sistema. El ciclo anual de las propiedades termohalinas ha sido determinado con la
ayuda de medidas en distintos puntos de la ría en el período comprendido entre octubre
de 1997 y octubre de 1998. Se han distinguido dos estaciones determinadas por el ciclo
anual de radiación, precipitación y vientos predominantes: una estación de invierno, con
estratificación halina y dominio de episodios de downwelling y una estación de verano, en
la que la estratificación térmica es sustituida por una estratificación halina y suele haber
condiciones de upwelling. Tanto en la estación de downwelling como en la de upwelling,
existe una variabilidad en el régimen de vientos que resulta en episodios de upwelling o
downwelling de una escala temporal típica de días. El estudio de la distribución espacial de las
propiedades termohalinas en las distintas campañas nos ha permitido obtener una imagen de
la variabilidad a lo largo del canal principal. Cerca de la desembocadura del río. la influencia



del agua dulce es mayor, mientras que la entrada de la ría es una zona de influencia oceánica,
aunque la distribución real se ve influida por las condiciones del viento. Tambien es destacable
el gradiente de densidad que aparece entre las orillas sur y norte.

Un conjunto de diferentes modelos para la descripción de la turbulencia ha sido
recogido, programado y testeado en un modelo unidimensional de columna de agua en
distintas situaciones analíticas, estuáricas y de mar abierto. Todos los modelos están
basados en el principio de viscosidad turbulenta, que nos permite obtener los coeficientes
de intercambio turbulento en función de propiedades medias del fluido. Los modelos más
simples son los de 0 ecuaciones, donde los coeficientes de difusión turbulenta se obtienen
de parametrizaciones ad hoc o empíricas. Muchos de estos modelos están basados en la
hipótesis de la longitud de mezcla de Prandtl. En los modelos que consideran una ecuación
de transporte para la energía cinética turbulenta (TKE) o dos ecuaciones, una para la TKE y
otra para la longitud de escala característica de la turbulencia, se introduce más información
sobre la evolución y la historia del flujo. El rendimiento de varios cierres de la turbulencia se
ha evaluado comparando los resultados con predicciones analíticas o con datos observados.

En un experimento ideal en el que un fluido uniformemente estratificado es forzado
por un viento constante, los modelos de dos ecuaciones proporcionan los mejores resultados.
Entre estos, el modelo k-" predice unos resultados más físicos, puesto que la ley de la pared
cerca de los contornos se verifica automáticamente, sin necesidad de introducir restricciones
adicionales. La elección de las funciones de estabilidad ha resultado desempeñar un papel
determinante en las predicciones del modelo. Las funciones de estabilidad clásicas de
Mellor y Yamada [1982] no presenta un comportamiento numérico estable, mientras que la
versión de cuasiequilibrio derivada de ellas (Galperin et al. [1988] ) predice un máximo
no físico de la energía cinética turbulenta a una profundidad intermedia. Las funciones
de estabilidad propuestas por Canuto et al. [2000] solucionan este problema puesto que
consideran correlaciones de la presión en el cierre de las ecuaciones para las correlaciones de
las magnitudes fluectuantes y funcionan de una forma estable.

El rendimiento de distintos modelos para la parametrización de la mezcla diapícnica se
ha evaluado simulando el ciclo anual en los años 1961-62 para la estación Papa en el Pacífico
Norte (145oW50oN), donde distintos parámetros físicos y biológicos se hanmedido de forma
continua desde los años 50. Clásicamente, se ha encontrado que los modelos de turbulencia



locales sobreestiman la temperatura de la superficie del mar (SST) y la baja tasa de mezcla
diapícnica ha sido considerada la causa de este mal comportamiento. En la literatura se
encuentran varias parametrizaciones simples de este efecto en el contexto de los modelos
de turbulencia locales que parecen mejorar la predicciones de estos modelos, especialmente
la parametrización empírica deKantha y Clayson [1994]. Usando las funciones de estabilidad
de Canuto et al. [2000], se obtiene que la SST deja de ser sobreestimada. Esto indica que la
sobreestimación en la SST es inducida por una descripción incompleta de la física de la capa
de mezcla. De todas formas, las parametrizaciones de la mezcla interna se requieren para
una predicción de valores realistas de los coeficientes de intercambio turbulento en la región
interna. Nuestros resultados indican que el modelo k-" con las funciones de estabilidad de
Canuto et al. [2000] y la parametrización de la mezcla diapícnica de Large [1994] puede
usarse para el cálculo de coeficientes de intercambio turbulento físicamente realistas que
proporcionen el forzamiento físico para estudios biogeoquímicos.

Una aplicación en un estuario en el que se habían realizado medidas de la tasa de
disipación de la energía turbulenta nos han proporcionado una ilustración de las posibilidades
que ofrece la intercomparación entre medidas de turbulencia y predicciones de modelos de
turbulencia. En esta aplicación, el modelo se forzó con la tensión del viento, los flujos de
calor y los gradientes de presión externos. La advección se parametrizó relajando los valores
de la temperatura y la salinidad a los observados. De esta forma, las magnitudes turbulentas
se diagnostican, lo que permite una intercomparación de las predicciones del modelo con
las medidas de turbulencia. Se ha encontrado que la comparación de resultados de modelos
numéricos con mediciones reales de la tasa de disipación de la energía turbulenta constituye
un test exigente para los modelos, aunque estos estuadios ayudan a una mejor comprensión
de los procesos de mezcla y del funcionamiento de los modelos en distintas condiciones. Otra
conclusión del trabajo es que es necesario realizar más estudios para modelar situaciones de
estratificación estable.

Los modelos numéricos constituyen una herramienta muy valiosa para el estudio y
la gestión de estuarios y áreas costeras. El modelado constituye una tarea exigente, puesto
que los requerimientos de un modelo que pueda ser utilizado como herramienta predictiva
incluyen una documentación completa, una arquitectura estable y versátil que permita el
trabajo multiusuario y la sencilla introducción de nuevas características y acoplamiento de
nuevos modulos. Con estos requerimientos en mente, el modelo 3D baroclínico MOHID3D



se ha adaptado para la simulación de los flujos en la Ría de Pontevedra a escalas de marea
y residual. La elección y especificación de los diferentes parámetros se ha discutido y
se han llevado a cabo algunas aplicaciones con forzamientos ideales. Se ha obtenido una
descripción de las velocidades de marea y residuales en la ría, de la que no se disponía hasta
el momento. El efecto combinado del gradiente de densidad entre el río y la plataforma y
la batimetría induce el establecimiento de una circulación residual en doble capa. El agua
circula en dirección al mar abierto por la capa de superficie y hacia el río en la capa del
fondo. Se ha observado la aparición de una componente lateral de la componente residual
que proporciona otra vía para la mezcla y que puede ser importante para comprender los
ciclos de sedimentos y biogeoquímicos en el estuario. El mismo experimento en condiciones
de verano ha proporcionado una predicción de una corriente residual reducida, lo que indica
que otros forzamientos son necesarios para un modelizado adecuado de la hidrodinámica en
condiciones de verano. Son necesarias más comparaciones con datos reales para correr el
modelo en modo pronóstico. La monitorización de las condiciones en la plataforma es crucial
para que las predicciones del modelo sean realistas. Asimismo, nuestros resultados sugieren
que mediciones de circulación transversal son necesarios para la comprensión de la dinámica
de las rías.

Finalmente, el modelo GOTM se ha aplicado a la ría de Pontevedra. Se ha mostrado
cómo en condiciones de ligera estratificación y para los forzamientos de marea y viento
característicos que actúan sobre el estuario, la capa de mezcla se extiende hasta la superficie.
Los resultados sugieren que es necesarion analizar la respuesta de las corrientes en el estuario
al forzamiento de escala sub-mareal antes de que se pueda evaluar la variabilidad en los
procesos de mezcla en el estuario. La recogida de conjuntos de datos que contengan la mayor
información posible sobre los forzamientos físicos es un requisito indispensable para avanzar
en la comprensión de los procesos de mezcla en las rías.

Los modelos de turbulencia de dos ecuaciones han mostrado ser los más potentes para
simular flujos complejos, pero su uso no está aún generalizado en aplicaciones 3D en el
oceáno abierto y en áreas costeras y estuarios. La razón principal la constituye la mayor
carga computacional de resolver dos ecuaciones adicionales, aunque esta complicación está
siendo resuelta por los avances en potencia de cálculo. También la elección de los parámetros
en los modelos y la dificultad de entender cómo un cierre complejo de la turbulencia influye
en los resultados es una tarea compleja. El uso de modelos 1D como banco de pruebas de



los modelos de turbulencia proporciona una ayuda en esta tarea. En este estudio, mediante
la aplicación del modelo 1D GOTM a distintas situaciones, se ha mostrado que el cierre k-"
describe de forma realista la física de la capa de mezcla en el océano. El acoplamiento de
este modelo de turbulencia de dos ecuaciones a nuestro modelo 3D nos permitirá mejorar
la descripción de la hidrodinámica de la ría y evaluar la influencia de las variaciones en los
distintos forzamientos en la respuesta de la ría.
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1 Introduction

Coastal areas and estuaries constitute the link between land and ocean. In estuaries, freshwater
collected over vast regions of the land flows into an ocean, which sends salt water upstream
far beyond the rivermouth. Mixing between the two fluids creates a unique environment, with
large potential for life forms able to handle the associated large variability in environmental
conditions. Often estuaries are also a place subject to great human influence, since many
settlements and industries are placed on their margins.

Some efforts have been devoted to arrive to a consensuated definition of estuary.
A classical definition of estuary, widely quoted in the literature, is that by (Cameron and
Pritchard, [1963] ):

An estuary is a semi-enclosed coastal body of water which has a free connection with
the open sea and within which sea water is measurably diluted with fresh water derived from
land drainage.

Estuaries described by this definition are known as positive estuaries. In his useful
’Shelf and Coastal Zone Lecture Notes ’, Mathias Tomczac suggests a more general definition
that directly include negative estuaries:

An estuary is a narrow, semi-enclosed coastal body of water which has a free
connection with the open sea at least intermittently and within which the salinity of the water
is measurably different from the salinity in the open ocean.

In estuaries the properties of water parcels are constantly changed by turbulent
diffusion on all scales. The estuarine salinity field is determined by the balance between
advection by the mean flow and turbulent tidal diffusion. The circulation in the deep ocean,
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for example, can be described as the sum of geostrophic movement, wind driven flow, tides
and eddies. In estuaries, the nonlinear interaction among different forces induces that this
separation is not a good approximation and all relevant forces must be considered. The
dynamics of estuaries are therefore much more difficult to analyze than the dynamics of the
open ocean.

The main driving agent for the turbulence is the tide. The type of turbulence which
occurs in an estuary is determined by the strength of the tide, which can be expressed by the
tidal volume, defined as the volume of water brought into the estuary by the flood tide (and
again removed by the ebb tide during one tidal cycle.) By comparing this volume V with
the fresh water volume R transported by the river over the same period, we can derive four
main types of estuaries (this description is transcribed from Tomczak, ’Shelf and Coastal Zone
Lecture Notes ’)

If the tidal volume V is small compared to the fresh water volume R (ie the ratio R/V is
large), the fresh water will float on the denser oceanwater without experiencing muchmixing.
Friction at the interface between the two layers will prevent it from spreading over the entire
surface of the ocean and establish a boundary or front between fresh water and oceanic water
at the surface near the estuary mouth. As a result, a wedge of oceanic salt water is seen to
intrude into the estuary. This type of estuary is therefore known as the salt wedge estuary.

If the tidal volume is increased over R to reduce the ratio R/V to 0.1 - 1, the estuary
changes into a highly stratified estuary, also known as the partially mixed estuary with
entrainment. The fresh water movement in the upper layer against the stronger tidal current
produces strong current shear at the interface. This creates instabilities in the form of internal
waves which become unstable and break. When the tops of the breaking waves separate
from the interface they inject salt water into the upper layer. The result is a net upward
transport of mass and salt known as entrainment. (As a general definition, entrainment is the
transport of mass drawn from a less turbulent medium into a more turbulent medium. Note
that entrainment is a one- way process; there is no transport of mass from the more turbulent
medium to the less turbulent medium.)

If the tidal volume is further increased to a R/V ratio of 0.005 - 0.1 the estuary turns
into a slightly stratified estuary, also known as the partially mixed estuary. The tidal current
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is now so strong that water movement becomes turbulent everywhere. In shallow estuaries
the turbulence is mainly the result of bottom friction. Current shear between the fresh water
trying to make its way towards the sea and the tidal current adds to the turbulence, and the
entire volume of the estuary experiences turbulent mixing. As a result, mass and salt are
exchanged between the two layers in both directions.

The actual rate of increase depends on the efficiency of the mixing and on the degree
of local recirculation of the fresh water between the layers which determines the salinity
distribution. It can therefore not be calculated in the simple way that applied to the highly
stratified estuary. If the tidal volume is further increased to a R/V ratio below 0.005, turbulent
mixing becomes so efficient that locally all salinity differences are nearly eliminated and the
estuary turns into the vertically mixed estuary. The characteristics of the vertically mixed
estuary are: The salinity increases towards the sea but does not vary with depth. Vertical
salinity profiles therefore show no salinity change with depth but a gradual salinity increase
from station to station as the ocean is approached. The mean flow, which is very weak
compared to the strong tidal current, is directed towards the sea at all depths; penetration
of salt into the estuary is achieved entirely by turbulent diffusion against the mean flow. The
distinction between upper and lower layer can no longer be made.

Aswe have seen, turbulence conditions determinemixing and therefore the transport of
properties in estuaries. Near the surface, turbulence is created bywind and breakingwaves and
transmits heat in and out the ocean. Turbulence near the bottom is caused by bottom friction
of tide and affects deposition, resuspension and movement of sediments. Turbulent motions
in stratified flows mix fluid particles from different parts of the flow, therefore enhancing
the molecular mixing caused by molecular diffusion. The mixing of salt and fresh water in
estuaries is carried out by a combination of shear generated at the surface by wind and waves,
shear at the sea bed and turbulence generated by shear at the halocline. Without understanding
mixing, it is difficult to understand the dynamics of estuaries and coastal areas. The adequate
description of vertical mixing is therefore crucial to any coastal application.

The application of models is a valuable tool in the study and management of estuaries
and coastal areas. Modeling constitute a demanding task, since the requirements of a
useful model include a complete documentation, a stable architecture that allows several
simultaneous users and an easy introduction of new features. However, much insight into
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the dynamics of the system can be gained through the application of models. In a following
step, models can be used in the management and monitoring of coastal areas, a field that has
been designed as operational oceanography in the last decades.

A first step in the modeling of a system is the identification of the scales of variability.
In figure 1.1, a diagrammatic representation of the time-scales of variability of an estuary
is shown. The scale of energy is unquantified. On short time-scales (seconds to minutes),
turbulence, waves and internal waves are the characteristic phenomena. These scales are
usually resolved by numerical models, so their mean effect on mixing must be parameterized.
The next significant time scales are related to tide. In time-scales from hours to one day, tide
drives the main part of the response of the system. Characteristic tide periods are semidiurnal
and diurnal, with some compound tides like M4 (6 hours) being important in some areas.
Another tidal induced period is marked as lunar cycle, and is consequence of the interaction
of tidal harmonics of close frequency (ex: M2 and S2). This is also known as the spring-
neap cycle and is characterized for the variation of amplitude of tides on a fortnightly period.
Between diurnal and fortnight periods, variability is dominated bymeteorological time-scales,
as the passing of fronts and changes in the regime of winds. The differences in heat fluxes
and prevailing meteorological conditions throughout the year induce a seasonal signal, that
changes in intensity depending on latitude. In-between fortnight scales and seasonal scales,
we can quote phenomena with time-scales of variability of months or even years, such as
ENSO (El Niño Southern Oscillation). On a longer-term, variability is difficult to identify
due to the lack of oceanographic long-term series, and also to the lack of comprehension of
the details of the local impact of climate variability on coastal areas.
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Figure 1.1: Diagrammatic representation of the physical time-scales affecting estuaries. The vertical
energy scale is unquantified. From Dyer [1995].

The Galician Rías Baixas are slightly-stratified estuaries and the most characteristic
geographical accidents to the south of the Galician coast. They are a well-known site of
production of sea species of great economical interest, specially mussels. Themost productive
Rías are Arousa and Vigo, situated to the north and to the south of the Ría de Pontevedra, the
subject of this study. There are not many studies of the physical oceanography of the Ría de
Pontevedra. Much of what has been stated for other Rías could however also be applied to
this Ría. Their characterization as positive estuaries and the general picture of the seasonal
thermohaline cycle are relatively well-known (Fraga and Margalef, [1979], Nogueira et al.
[1997] ). Also, some shorter term events like upwelling relaxation have been the object of
study (Álvarez-Salgado et al. [1993] ). Some modeling efforts have evaluated residual fluxes
in the Ría de Vigo and indicate a two-layered pattern (Taboada et al. [1998], Montero et
al. [1999] ), enhanced by upwelling events. In spite of these studies, the hydrodynamics
of the Rías is only known in its general trends, and lacks study of the influence of the
different forcing on circulation for different spatial and time scales. This makes it difficult
to evaluate biogeochemical cycles of bio-elements like carbon, silicon or nitrogen, as well as
of potentially harmful ones like heavy metals. Some modeling efforts have been reported in
Galician Rias, mainly with 2D models (Pascual, [1987a, 1987b], Montero et al. [1992],
Bermúdez et al. [1998]). In the last decade, the model MOHID3D has been adapted to
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simulate Galician Rías hydrodynamics: Ría de Vigo (Taboada et al., [1998], Montero et
al. [1999], Montero, [1999] ), Ría de Pontevedra (Taboada et al. [2000], Villarreal et al.
[2000] ) and other Rías (Pérez Villar et al. [1999] ). This model does not have a two-
equation turbulence closure. The use of two-equation turbulence closures is not widespread
in ocean models, in spite of their superior description of physical processes. Apart from their
higher computational charge, that is getting more and more affordable with the develop of
computers, the use of a two-equation closure requires a proper choice of model parameters
and previous testing on a wide range of applications prior to their coupling to a more complex
3D model. Also their performance is dependent on the quality of the available forcing. 1D
water columnmodel are a test for embedded turbulence closures and help in the understanding
of the behavior of the model in different situations without the demanding requirements of 3D
models. A 1D water column model, GOTM (General Turbulence Ocean Model) has been co-
developed by the author and several tests of different turbulence closures in real and ideal
applications will be presented in this work.

One of the main challenges in the study of the physical oceanography of the Galician
Rías is the building of a data base that assembles all of the scattered available information on
physical parameters. Many of the studies in Galician rias have focused on biogeochemical
properties. However, some physical parameters have been monitored in the last years. There
are tidal gauge time series in the main harbors since the first half of the century and also
some short term moorings have been carried out in different parts of the Ría and the shelf.
Thermohaline variables have been more often measured and some monitoring is done since
some years ago. In the Ría de Vigo, thermohaline and chemical parameters are continuously
measured in an interior point twice a week from 1987. The Conselleria de Pesca, Marisqueo
e Acuicultura (Xunta de Galicia) is also continuously monitoring the Rías to assess water
quality. A recently finished project financed by the same organism has set-up a data base of
thermohaline, meteorological and current and tidal gauge moorings in all Galician Rías (with
surveys of an average duration of six months on each ria). The assemblage and study of these
data will lead to a progress in the understanding of the time and spatial scales of variability
affecting Galician rias, which constitutes a pre-condition for their adequate management and
preservation.

The dissertation will be divided as follows: first, some turbulent closures based on
the eddy viscosity principle will be studied and their performance will be compared in some
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analytical, open sea and estuarine situations. In Chapter 3, the 3D model used in this study
will be described. Chapter 4 is devoted to the study of the hydrodynamics of the Ría de
Pontevedra. The spatio-temporal scales of variability will be described and illustrated with
help of some available data, including thermohaline measurements covering a seasonal cycle.
The application of the model to the Ría de Pontevedra will be described and some results will
be presented. Finally, some conclusions and a brief outlook are given in Chapter 5.





2 Turbulence



 



2.1. Introduction: Turbulence and mixing 33

2.1 Introduction: Turbulence and mixing

The ocean is a three dimensional turbulent fluid, with interacting motions and
processes at all time and space scales. The flow in the ocean is mostly turbulent and mixing
is generally carried out by turbulent processes. The rates of transfer and mixing of flow
properties due to turbulence are often several orders of magnitude greater than the rates due
to molecular diffusion. The way and rate of mixing in the ocean determines its dynamics and
therefore its interaction with biology and its role in the global climate.

Turbulence is an eddying motion with a wide spectrum of turbulent eddies and a
corresponding spectrum of fluctuation frequencies. The way how turbulence is transferred
between different scales is known as the energy cascade of turbulence. The large eddies
interact with the mean flow, and extract energy from it. These eddies correspondingly
interact with other eddies and feed smaller scale energy eddies. This process transfers energy
from larger to smaller scales. The smallest eddies are of the scale of the viscous forces, so
dissipation takes place when turbulence reaches the smallest scales after being transferred
from larger scales. We must note however that viscous forces only determine the scale at
which energy is dissipated, not the amount of energy that is actually dissipated and the rate at
which it is dissipated.2

The scale of the phenomenon to study is the flow domain. The larger eddies that extract
energy from the mean flow are of the order of the flow domain dimensions. In the context of
numerical models, as resolution is limited by computation and storage constraints, a scale is
chosen and effects of smaller scales are introduced in the model by parameterizations of the
smaller scale eddies. We can distinguish four characteristic ranges for motions in the ocean.
The rotational range encompasses the largest length and time scales. In this range, motion is
primarily comprised of two-dimensional eddy motions acting over length scales greater than
100 meters and time scales of the order of days. This includes ocean basin circulations such
as gyres, rings and eddies that are influenced by the effects of the earth’s rotation (the Coriolis
force). The buoyancy range includes motions of a length scale approaching the depth of the

2 This energy cascade classical view was proposed by Richardson [1922]. As pointed in Sander [1998]p.
12, some experimental evidences appear to contradict this classical picture: ’’Gibson et al. [1970] show
that many features measured as turbulence actually have a fossil character: active turbulence starts at
small scales... For rotating fluids an inverse energy cascade may also evolve, see Berezin et al. [1991]’’
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upper ocean mixing layer (from 100’s of meters to 1 meter) and includes internal waves and
small-scale eddies. In this range, the fluid motion makes a transition from two-dimensional to
three-dimensional flow, with periods on the order of minutes to many hours. Buoyancy range
motions are affected by gravity and stratification of the water column. The inertial range
consists of three-dimensional small-scale turbulent motions in which the forces of gravity
and molecular viscosity (viscous friction) are dominated by inertial forces. The inertial range
extends from several meters to several centimeters, over periods of several seconds to several
minutes. The viscous range is the smallest scale of fluid motions, typically less than a few
centimeters. In the viscous range, fluid motions are dissipated by molecular viscosity.

The observed rate of along-isopycnal mixing is significantly greater than across them
(Ledwell et al. [1993] ). As isopycnals are quasi-horizontal in the ocean except in particular
zones, like fronts and convection layers, horizontal mixing processes in the ocean have
greater space and time scales than that of vertical mixing. Thus, in most parts of the ocean
and for eddy-resolving or coastal models, as horizontal turbulent scales are resolved and
vertical small-scale are of the order of meters, the problem is to model vertical small-scale
processes and their effect of mixing. In ocean global circulation models (OGCM), where a
high horizontal resolution is not affordable, the problem of parameterizing quasi-horizontal
mesoscale eddies (with length scales from 10 to 100 km) appears. Their bulk effect on the
resolved large scales must be parameterized, since these unresolved eddies contain most of
the total kinetic energy of the ocean. Some parameterizations have been designed and tested
(Bryan, [1969], Gent and McWilliams, [1990], a detailed review of these parameterizations
can be found in Mathieu, [1998] ), but the representation of unresolved horizontal scales is
still one of the main challenges in ocean research.

In figure 2.1, a sketch of some mixing processes in the ocean is shown. A review of
turbulence and mixing in the ocean can be found in Caldwell and Moum, [1995].
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Figure 2.1: Sketch of mixing processes in the ocean. Figure from GOTM web site
http://www.gotm.net

Mixing at the surface and mixing at the bottom are boundary inducedmixing. Amixed
layer is set up where turbulence penetrates the ocean until it is inhibited by stratification. Near
the surface, turbulence is created by wind and breaking waves and the heat that is transferred
in and out the ocean. Surface turbulence determines the dynamics of the mixed layer of
the ocean, where much of the biological activity takes place. Some other processes like
Langmuir circulation influence the extent of the mixed layer. Turbulence near the bottom is
caused by bottom friction mainly produced by currents. Bottom turbulence affects deposition,
resuspension and movement of sediments. In some situations a surface mixing layer extends
to bottom or a bottommixed layer extends to surface, specially in shallow areas, but usually an
internal stratified layer exists between a surface and a bottom layer. In the open ocean, where
bottom mixing does usually not create an great boundary layer, a surface mixed layer lies
above a stratified region. In this internal region, turbulence is inhibited by local stratification,
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but some mixing processes create turbulence. They have the form of instabilities like internal
wave breaking and shear instability.

Boundary layer mixing The ocean is constrained by two boundary layers: a surface
boundary layer, in contact with the atmosphere, and a solid boundary layer at the bottom.
Boundaries are the sources ofmuch of the turbulence generated in the ocean, and the properties
of boundary layers condition mixing.

At the bed, turbulence is generated by interaction of water flows with the bottom, a
rigid rough boundary. The effect of bottom stress is greater in shallow seas and is dominant
in many tidal estuaries. In the deep ocean, boundary mixing has been regarded as one of
the main contributions to the value of observed abyssal diffusivities of O(10¡4m2s¡1) (for
a discussion, see Caldwell and Moum [1995] ). In coastal areas, tides and other currents
are affected by the bottom, that slows down the near bed flow relative to that higher up and
turbulence is produced by the flow around bottom roughness elements. In fact, much of the
energy that enters the ocean is dissipated in shallow seas by means of generation of bottom
turbulence by interaction of tidal currents with the bed. Other turbulence source in shallow
waters are surface waves that produce turbulence and enhance the bottom stress felt by the
currents by a non-linear interaction with the mean current.

The process of generation of turbulence at the bottom is a frictional process where drag
at the sea bed produces a velocity shear: the near bed flow is slowed down in comparison
with the flow higher up, and also turbulence is induced by the interaction of flow with the
roughness elements of the bed. Although the real boundary condition is null velocity at
the bed, the velocity profile near the bed for unstratified conditions can be described by the
logarithmic law of the wall or von Karman-Prandtl equation:

u

u¤
=
1

·
ln
z

z0
(2.1)

with u, the modulus of the near bottom velocity, u¤ the friction velocity and z0 the
characteristic roughness length of the sea bed, that characterizes the influence of the size
of bottom elements on hydrodynamic flow.
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Turbulence at the ocean surface boundary layer (OBL) affects the transfer of
momentum, heat, freshwater, particles and gases between the ocean and the atmosphere.
The main processes that create turbulence at the ocean surface layer are wind stress and
surface buoyancy fluxes. Buoyancy fluxes can induce the set-up of unstable stratification
at the surface. This generates convection that can be an important contribution to mixing
in some regions. Many times, convective motions coexist but are dominated by wind stress
acting on the surface. In contrast to other turbulent processes, that produce down-gradient
fluxes of density (heat or salt), convection is a counter-gradient process. Measurements
(e.g. Gargett [1989] ) indicate that the full picture of mixing at the OBL is not complete
with only wind stress and buoyancy fluxes and there are some other processes acting that
enhance mixing. Other contributions are wave breaking and Langmuir circulation. Turbulent
measurements in the presence of breaking surface waves indicate that turbulence is greatly
enhanced near breaking waves. However, wave breaking does not seem to induce a noticeable
deepening of the mixed layer (D’Alessio et al. [1998] and references therein). In contrast,
Langmuir cells appear to promote a deepening of the surface mixed layer (Li et al. [1995] ).
Langmuir circulations (see e.g. Weller and Price [1988]) arise if there is a balance between a
wind induced Stokes drift gradient (a stabilizing influence) and a temperature driven, vertical
density stratification (a destabilizing effect). They are typically manifested as long roll
structures of width between 1 and 100m commonly identified from debris or windrows at
regions of surface convergence. Langmuir circulation has been regarded as a major effect in
plankton dynamics.

Interior mixing In stratified fluids, turbulence is a highly random and intermittent process
that is poorly understood. The tendency of stratification is the inhibition of turbulence,
although there are some processes that appear in stratified fluids and create turbulence. We
will talk of internal mixing as the mixing that is internally generated in the stratified region,
sometimes influenced by boundary layer or mean current shear. The ocean is a stratified
fluid with different degrees of stratification. In coastal zones, haloclines and thermoclines
develop driven by different processes (river freshwater meeting salt water, heat fluxes at
the surface, upwelling events, human discharges...). This stratification can be more or less
sharp defined depending on the balance of the processes that favor its set-up and those that
tend to erode it. Sometimes, a pycnocline is found that lies in-between a bottom boundary
layer and a surface boundary layers. In the open ocean, although often haloclines appear, for
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example, the Mediterranean outflow into the Atlantic or the Levantine Intermediate Water in
theMediterranean Sea, stratification is mainly driven by temperature. A seasonal thermocline
can appear as a result of heat and momentum flux at the surface, and its depth depend on
the magnitude of this forcing. Between 200-300 m and 1000 m, throughout much of the
ocean, temperature diminishes rapidly and this steep layer is called the permanent thermocline.
Below this thermocline, there is virtually no seasonal variation and temperature decreases
gradually. Mixing in the main thermocline is interior mixing and its adequate understanding
is crucial for quantifying the global ocean circulation.

The processes that mix stratified fluids have been reviewed byFernando [1991]. They
have principally the form of instabilities at the interface and depend on the relative thickness
of the velocity interface and the density interface. For small current shear, the density interface
is smooth, but as the shear increases, the interface becomes disturbed by waves of different
characteristics. When both shear and stratification are present, turbulence evolution depends
on the value of the Richardson number (Ri, the squared ratio of stratification to shear). If
Ri is less than some critical value, the flow evolution is qualitatively similar to the case of
pure shear. If Ri exceeds the critical value, stratification dominates and the flow evolution
resembles the case of pure stratification. The critical value of Ri for many ocean situations
is near 0.25, the critical value for linear instability (Kundu, [1990] ), although a unique
Richardson number for all distributions of shear and stratification does not exist.

The waves at the interface have different mixing characteristics and can be
distinguished in terms of the Richardson number. The Kelvin-Helmholtz waves dominate
when the length scales over which velocity and density variations are of the same order (so
for Ri < 0:25). If the density interface is sharp (Ri > 0:25), then Holmboe instabilities
(characterized by a cusped shape) may develop. The shape of these instabilities is shown in
figure 2.2. The development of Kelvin-Helmholtz instability starts with the steepening of the
interface, that rolls up and forms billows, into which water from above and below the interface
are mixed. With Kelvin-Helmholz waves, equal volumes of water are exchanged between
the two layers in a two-way process. So, this process is known as turbulence diffusion and
requires that turbulence is present in both layers. Holmboe waves grow in height and become
sharper crested. When they break they eject wisps of denser water into the lighter water above.
This breaking of Holmboe interfacial waves causes entrainment from the denser layer. Thus,
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entrainment is a one-way process in which a less turbulent layer ’entrains’ a more turbulent
layer. Little mixing occurs until the waves break, so entrainment will decrease with Ri:

Figure 2.2: Picture depicting what are like to be a) Kelvin-Helmholtz instabilities and b) Holmboe
instabilities (courtesy of Dr. Greg Lawrence in Fernando [1991]).

Internal waves In the interface between two fluids of different density, other waves with
length scales of meters can appear responding to perturbations on the interface. They are
called internal waves. The ocean is not a two-layered fluid, but it is continuously stratified,
and internal waves can appear everywhere in it. The maximum period of the internal
waves that may occur is limited by the buoyancy frequency. Therefore, the period of the
observed internal waves is typically of hours, although also some internal waves have periods
comparable or higher than the Coriolis frequency and the effect of Coriolis force on them
cannot be ignored. They are known as internal inertia gravity waves. Most of the energy of
internal waves in the ocean is centered around tidal and inertial frequencies.

Internal waves generate mixing when they break after encountering critical conditions,
such as topographic variations or interaction with shear. For example, in estuaries the change
of stratification and layer thickness upstream can induce critical conditions for the breaking
of internal waves generated elsewhere. Some estimations (Geyer and Smith [1987] ) have
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shown that internal wave interaction with the mean shear may rise the critical Richardson
number to 0.33, thus allowing mixing when gradients are above the critical value.

Away from the boundary layer, mixing is thought to be driven primarily by unresolved
internal wave shear (Caldwell and Moum, [1995] ). Internal wave breaking near sloping
boundaries has been regarded as a main contributor to the value of diffusivities in interior
regions (Polzin et al. [1997]).

Double diffusion Double diffusion is another process that affects mixing in the ocean in some
stratified situations (for a review see Schmitt, [1994]). It is not strictly a turbulent process,
in fact its origin is the difference in molecular diffusivities of salt and heat. The molecular
diffusivity of heat is about 100 times greater than that of salt. As a result, heat will diffuse
faster than salt through the interface between fluids of different densities. An instability will
grow in the interface where molecular diffusion occurs. The situations where double diffusion
is likely to occur are turbulence-free zones where warm, saltier water lies over cold, less saline
water. The tropical and subtropical thermoclines are zones where these conditions meet and
double diffusion forces vertical flow to be within tubes typically less than 1 m long where
the warmer, saltier water sinks and the colder, less saline water rises. These tube structures
are called ’salt fingers’ and in regions of active salt fingering mixing is enhanced. Double
diffusion processes are also involved in the diffusive-convective staircases that mix cold, fresh
water over warm salty water as occurs in the Arctic and adjacent regions (Padman and Dillon,
[1987] )

In this chapter, we will review the basic assumptions in present turbulence modeling
and also introduce the most widespread turbulence models in ocean applications. Finally, an
intercomparison of some of them will be done with help of a 1D water column model.
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2.2 Reynolds approximation and the turbulence
closure problem

Navier-Stokes equations are the equations that describe turbulent fluid motion.
There are numerical procedures available for solving these equations with direct numerical
simulations (DNS procedures), but the requirements of computing and storage are so stringent
that only in some simple situations they can be directly solved. Since the range of scales
in a turbulent flow can vary over several orders of magnitude, resolving both the smallest
and largest eddies requires a large number of grid points. The smaller turbulent scales are
typically of the order of 10¡3 times smaller than the extent of the flow domain. Therefore,
the number of grid points necessary to cover the flow domain is extremely great and grows
with the size of the domain, with the consequence that only for small, simple domains direct
integration is feasible, even in supercomputers. Nonetheless, although the simulated flows are
idealized, DNS simulations have revealed as a useful tool for understanding the basic physics
of turbulence and examining models.

The basic assumption in classic turbulence studies is that turbulent motion can be
decomposed in a mean flow and a fluctuating part. Leonardo da Vinci already put forward
this idea. He realized that usually fluid motion was the balance of two components:

’’Observe the motion of the surface of the water, which resembles that of hair, which
has two motions, of which one is caused by the weight of the hair, the other by the direction
of the curls; thus the water has eddying motions, one part of which is due to the principal
current, the other to random and reverse motion’’.

[Transcription from Piomelli in Lumley, J.L., 1997. Some comments on turbulence.
Phys. Fluids A 4, 203-211.]
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Figure 2.3: Study on turbulence in fluids by Leonardo da Vinci.

Reynolds applied this idea to arrive to a useful form of the equations of motion. He
decomposed flow properties into a mean part F̄ and a fluctuating part F’:

F = ¹F + F 0 (2.2)

After applying this decomposition, we arrive to the continuity equation for the mean
flow:

@i¹ui = 0 (2.3)

and to the Reynolds equations for mean momentum, where hydrostatic and Boussinesq
approximations have been assumed:

@t¹ui + @j(¹ui¹uj) + 2"ijk­j¹uk = ¡ 1
½0
@i¹p¡ ½¡ ½0

½
g±i3 + º@j(@j ¹ui)¡ @ju0iu0j ; (2.4)
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with density ½, pressure p, velocity ui in direction xi and the angular velocity vector of
the Earth’s rotation ­ = (0;­ cosÁ;­ sinÁ); "ijk the alternating tensor, º the molecular
diffusivity for momentum andwhere Einstein convention of summation over repeated indexes
in a term applies. The rate of change of horizontal mean velocities results from the balance
of advection, Coriolis force, pressure gradient, molecular diffusion and the Reynolds stress
terms that represent the cross products of the fluctuating components that are not null after
ensemble averaging. If we subtract the averaged from the full momentum equations, we arrive
to evolution equations for the turbulent stresses:
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Rate of change = Advection + Shear Production + Bouyancy Production

+ Pressure-strain correlation +Triple correlation term

+ Rotation + Molecular diffusion + Dissipation rate of Turbulent Kinetic Energy

where Einstein convention of summation over repeated indexes in a term applies. This
equation involves triple correlations of velocities. This is a general feature: for all correlations
of order n of the fluctuations, the temporal evolution includes correlation terms of order n+1.
As a result of this coupling, this process goes to infinite and therefore a closure at a certain
level n is necessary to solve the system. That is why the evaluation of these Reynolds stresses
constitutes what is called the turbulence closure problem. A closure at level n describes how
the correlations of order n+1 are prescribed by empirical relations. As described for example
in Sander [1998], terms like pressure strain correlations must also be approximated. Some
other classical approximations are the neglect of rotational terms and the boundary layer
approximation. This last approximation permits neglecting horizontal gradients in Eq. 2.5
and is based in the assumption that horizontal scales are greater than vertical scales, that as
we noted in the section 2.1 is valid for many ocean applications. An analogous approach to
the outlined for the correlation of velocity fluctuations can be taken for the evolution equation
of internal energy or tracers. Correlations between velocity fluctuations and tracer or internal
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energy fluctuation and the autocorrelations of tracers appear in the new equations and must
be evaluated to arrive to a closed form of the tracer transport equation.

One way to simulate a geophysical flow of large scale is to use the large eddy
simulation (LES) method. This technique lies between the computations of the complete
turbulent flow field (like DNS) and the methods based on empirical parameterizations of the
turbulent correlations as functions of the mean flow quantities at a lower scale of resolution.
Rather than parameterize the smallest turbulence scales, the LES simulations parameterizes
their effects on the largest scales of motion, and only those scales are computed explicitly.
LES is a valid approach in some situations because the larger eddies contain most part of
the energy and transport most of the conserved properties. Even though mixing occurs at
the smallest scales, the rate of mixing and the bulk properties of the flow are determined
by the larger scales of the motion. Since only the larger scales are resolved, the resolution
requirements in LES are significantly smaller than in DNS. Consequently, LES can be used
for more realistic geophysical flows. However, like DNS, it is necessarily three-dimensional
and time-dependent, which makes it computationally expensive too.

In the next sections, some solutions to the closure problem that relate turbulent
correlations to mean flow properties will be reviewed and their application in some oceanic
test cases will be described.
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2.3 Turbulence eddy viscosity models

2.3.a Eddy viscosity principle

One of the most fruitful ideas for estimating Reynolds stresses has been the eddy viscosity
principle, originally proposed in 1877 by Boussinesq. If we assume that turbulence exchanges
follow a diffusion law similar to that of molecular diffusion, but with a different constant, we
can relate turbulent fluxes to gradients of transported properties. In this way, turbulent stresses
can be supposed proportional to themean flow velocity gradients. For general flow situations,
this principle can be written as:

¡ u0iu0j = ºt(@jui + @iuj)¡
2

3
k±ij (2.6)

A similar concept can be used to relate turbulent fluxes of heat to the gradients of the
mean quantities. The factor ¡2

3k±ij , where now k is the kinetic energy of the fluctuating
motion, is added to this expression to preserve the positiveness of normal (i=j) stresses (see
Rodi, [1980] p. 10). This term does not need to be determined, because after replacing the
unknown velocity-correlations in (2.5), this part is absorbed by the pressure gradient term in
the correlations equation. If the turbulent viscosity from (2.6) is substituted into (2.4), the last
terms are written analogously to molecular diffusion terms.

Following the analogy with viscous diffusion, the role of molecules in viscous motion
is played by eddies in turbulent motion. The proportionality constants for turbulent diffusion
are an eddy viscosity ºt (for momentum) or an eddy diffusivity º0t (for mass). In contrast to
molecular diffusivity, that is a intrinsic property of the fluid, eddy coefficients depend on
the state of the turbulence in the flow. Because water properties are exchanged with the
turbulent movement of particles, the rate of turbulent mixing is considered to be the same
for all properties: temperature, salinity and other tracers.

The eddy viscosity principle skips the problem of dealing with the evolution equations
for the turbulent stresses and shifts the effort to determining an expression for the eddy
viscosity suitable for describing turbulent flows. The simplest way to calculate eddy
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viscosities is to suppose they are constant and have a typical value dependant on the
turbulent state of the flow to be modeled and estimated after direct measurements, empirical
considerations or trial/error adjusting to fit observations. If a similar eddy viscosity principle
is applied to turbulent diffusion of heat and mass, the different turbulent mixing rate of
momentum and that of heat and mass can be parameterized by means of the Prandtl number
Pr, that relates eddy viscosity ºt (momentum) to eddy diffusivity º

0
t (heat, mass):

º
0
t =

ºt
Pr

(2.7)

As discussed in the introduction, stable stratification inhibits turbulent mixing, which
implies that eddy viscosities and diffusivities must be reduced by stable stratification. This
contribution can be introduced as a stratification dependant factor ºts that modifies eddy
coefficients in neutral conditions (no stratification) ºt0:

ºt = ºt0ºts (2.8)

One of the first attempts of considering this effect was done byMunk and Anderson [1954],
who proposed an empirical formula for eddy coefficients in stably stratified conditions:

ºt = ºt0 (1 + 10Ri)
¡1=2 (2.9)

º
0
t = º

0
t0 (1 + 3:33Ri)

¡3=2

with ºt0 and º
0
t0
, the eddy viscosity and diffusivity in the non-stratified case and Ri

the mean-flow gradient Richardson number, that compares the stabilizing tendency of stable
stratification with the destabilizing tendency from vertical shear:

Ri =
N2

S2
(2.10)

N2 is the Brunt-Väisällä frequency, that characterizes stratification:

N2 = ¡ g
½0
@z½: (2.11)

and S2 is the vertical shear stress or Prandtl frequency, that characterizes vertical shear:

S2 = (@zu)
2 + (@zv)

2 (2.12)
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This expression also provides us with a stratification-dependant form of the Prandtl
number:

Pr = Pr0
(1 + 10Ri)

1=2

(1 + 3:33Ri)3=2
; Ri ¸ 0; (2.13)

Pr = Pr0; Ri < 0

with Pr0; the Prandtl number for neutral conditions. This value is not known precisely
and several estimations in neutral shear flows indicate a value in the range 0.7 to 1.0
(for a discussion of laboratory, atmospheric, theoretical and numerical estimations, see e.g.
Schumann and Gerz [1995]).

Other simple parameterization that has been widely used is that suggested by
Pacanowski and Philander in 1981 for the tropical ocean:

ºt =
ºt0

(1 + ® max[0;Ri])n

º
0
t =

ºt
1 + ® max[0; Ri]

(2.14)

with ºt0 a constant viscosity for ’’neutral’’ conditions (chosen by them to be 10¡5m2s¡1, a
characteristic value for the tropical ocean) and n and ®, two empirical parameters chosen as
n = 2; ® = 5. Note that they assume Pr0 = 1; rigorously, a factor 1=Pr0 should multiply
the right term on the formula for º0t. This expression breaks for instable stratification, so the
maximum of 0 and Ri has been introduced to avoid powers of negative numbers. We can also
derive a stratification-dependant form of the Prandtl number from this expression.

Most of the expressions that have been proposed for (ºt)s can be synthesized in the
formula:

(ºt)s = (1 + ®Ri)
¡ n

(v0t)s = (1 + ¯Ri)
¡n0 (2.15)

where the values ®; ¯; n and n’ are empirical constants. Munk and Anderson [1954] MA ()
used ® = 10; ¯ = 3:33; n = 1=2 and n0 = 3=2, Pacanowski and Philander [1981] PP ()
used ® = 5; ¯ = 5; n = 2 and n0 = 1 and Backhaus and Hainbucher [1987] and Salomon et
al. [1987] to ® = 7 and n = 0:25; ¯ = 1 and n0 = ¡7=4.
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In figure 2.4, the normalized eddy viscosity (ºt=ºt0) for the different functions quoted
in this section, Backhaus and Hainbucher and Salomon et al. [1987] BHS (2.15) is plotted
against the gradient Richardson number in a logarithmic scale. The eddy viscosity is a
decreasing function of the Prandtl number for all of them. As Ri grows the eddy viscosity
decreases, which accounts for the inhibiting effect of stable stratification on mixing. MA and
BHS are more step-like than PP that decays smoother and predicts less mixing for every Ri:

Figure 2.4: Normalized eddy viscosity as function of the gradient Richardson number for the
empirical parameterizations described in the text: Munk and Anderson [1954] MA , Pacanowski and

Philander [1981] PP and Backhaus and Hainbucher and Salomon et al. [1987] (BHS).

In figure 2.5, the normalized Prandtl number (Pr=Pr0) is plotted versus the gradient
Richardson number for the Prandtl number expressions that can be derived from the formulas
MA (2.9), PP (2.14), and BHS (2.15). In addition to those three expressions, the form
proposed by Schumann and Gerz [1996] SG is plotted:

Pr = P
0
r exp

Ã
¡ Ri
P 0rR

1
f

!
+
Ri
R1f

(2.16)

with the neutral Prandtl numberP 0r = 0:74 and the limit flux Richardson numberR1f = 0:25.
All functions have been normalized to this value of P 0r = 0:74; :that was estimated from
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LES results. Also in the figure these LES results by Schumann and Gerz [1996] and
laboratory data for saltwater by Rohr [1988] are plotted. All expressions model the Prandtl
number as an increasing function of the Richardson number. As stratification develops, the
transference of momentum grows while the transference of mass is not so affected, since
pressure fluctuations also transfer momentum. Laboratory data provide an estimation of a
lower P0r than LES results: The best fit to LES and laboratory data is shown by the SG
expression, that was designed taking into account these data. TheMAexpression lies closer to
SG than the others. Anyway, MA and BHS lie close to SG only for low Richardson numbers.
PP formula predicts a too high Prandtl number for all values. Therefore, this expression
seems inappropriate for simulating situations with low Richardson number and high spatial
resolution. For applications with low resolution as OGCM, the performance of PP can be
better than for high resolutions, since mixed layer region (where Ri is low) need not be well
characterized, and actually it has been profusely used in global ocean simulations.

Figure 2.5: Normalized Prandtl number (Pr/Pr0) as function of the gradient Richardson number for
the different empirical parameterizations: Munk and Anderson [1954], Pacanowski and Philander

[1981] , Backhaus and Hainbucher [1987] and Salomon et al. [1987] and Schumann and Gerz [1996].
Laboratory data from Rohr et al. [1988] and LES data from Schumann and Gerz [1996].

Some other simple models have been used and eddy coefficients have been prescribed
as a function of depth, stratification, velocity or other factors. The rather complex KPP (K
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Profile Parameterization) model (Large et al. [1994] ) can be considered as a sophisticated
parameterization of eddy coefficients, that prescribes them guided by physical properties and
measurements of boundary layers, interior stratified regions or convection zones.

In guiding the parameterization of eddy coefficients, the Kolmogorov and Prandtl
hypothesis has been of great utility. Based in dimensional analysis, they postulated that eddy
coefficients could be obtained as the product of a velocity scale V and a length scale L that
characterize the turbulent motions of larger scale, where the transference of energy from the
mean flow occurs:

ºt _ V L (2.17)

Based in this expression, Prandtl in 1925 proposed the first model to describe the
distribution of eddy viscosity. A velocity scale proportional to the mixing length scale times
the velocity gradient and a mixing length scale L form what is known as the Prandtl mixing
length hypothesis. Under the boundary layer approximation we are using, the velocity scale
can be written:

V = L
p
(@zu)2 + (@zv)2 (2.18)

and the eddy viscosity is determined from the expression:

ºt = L
2
p
(@zu)2 + (@zv)2 (2.19)

The problem now lies in the determination of the mixing length, and several
expressions have been applied for different flows (see Rodi [1980] ). Some authors have
argued that the mixing length scale must be limited by stratification and some expressions
have been designed to account for it.

For shallow seas, where the boundary layer is restricted by the water depth, Bowden
andHamilton [1975] have used this postulate to prescribe eddy viscosities in a simplemanner.
They consider the water depthH as the length scale and the magnitude of the depth-integrated
mean current

¯̄̄
~V
¯̄̄
as the velocity scale and Cº as a scaling factor, that may vary for different


